If R is a commutative integral domain with quotient field K and xx, ..., xn are indeterminates, then there exist 9x, ..., 8n in K such that dim R[xx,... ,xn] = n + dim /}[«,,... ,0J.
If R is a commutative ring, the Krull dimension of R is the maximum of the lengths of all chains of prime ideals in R. If R = £ [V] is the coordinate ring of an affine variety V over the complex numbers, then increasing chains of primes in R correspond to decreasing chains of irreducible subvarieties. In this "geometric case" the Krull dimension corresponds to our intuitive notion of (complex) topological dimension. Moreover, since R[X] corresponds to V X £ (the product of V and an affine line), intuition would lead us to suspect (*) dim R[X] = dim R + 1.
In [7] , W. Krull established (*) for any noetherian ring. Seidenberg [9] , [10] investigated the validity of (*) for arbitrary commutative rings and observed that it does not hold in general. He observes that one always has dim R + 1 < dim R[X] < 2 dim R + 1, and he provides examples to show that within these bounds anything can happen.
Jaffard [6] made an extensive study of the dimension theory in polynomial rings. He introduced the notion of valuative dimension of a domain R. This is just the maximum of the ranks of the valuation overrings of R. Jaffard showed that when (*) fails, the valuative dimension of R must exceed the dimension of R. In addition, he studied the asymptotic behavior of the function f(n) = dim R[XX,... ,X"] and showed that if R is a domain of finite valuative dimension, then for all suitably large n one has/(n + 1) = f(n) + 1.
In [4] Gilmer and Bastida call the sequence {/(/)}fL 0 the dimension sequence of the ring R, and they investigate which sequences are dimension sequences of a certain class of rings. In [2] Arnold and Gilmer determine all sequences which are the dimension sequence of a commutative ring.
Both [2] and [4] One always has that in (**) the left-hand side is greater than or equal to the right-hand side. Thus the interesting fact is that the maximum possible dimension of the rings of the form R[9X,..., 9n ] can always be realized. The proof of the formula in [1] is, however, incorrect and we know of no correct proof in the literature.2-3 Our purpose here is to provide an elementary proof.
In what follows, all rings are assumed to be commutative and to possess an identity. When we write "dim R" we are referring to the Krull dimension of the ring R. By R[XX,..., Xn ] we denote the ring of polynomials in the independent variables {A'1,... ,Xn) over the ring R. Finally, whenever we use the symbol "<" it is meant to denote strict containment.
Our argument requires a few well-known facts which we list for the convenience of the reader. The following is observed by Seidenberg [9] and is a consequence of (A) applied to the ring of polynomials in n variables over a field. 
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This is the statement of Jaffard's theorem in [5] . The authors give an argument there which we feel is much easier than Jaffard's proof [6] .
Proof of Arnold's formula. Suppose there were a counterexample, say R[XX,... ,Xn\. Then we may assume that n is minimal and that for this fixed n, R has minimal dimension. We must have that both n and dim R are greater than zero: if dim R = 0, R is a field and by (A) we could simply take 0's = 0. If n = 0 we could again take all 0's = 0.
2 I wish to thank Jon Johnson for bringing the error to my attention. 3 Bastida and Gilmer point out the error in [4] . However their discussion of the mistake is itself erroneous. In [4] they claim to remove the doubt about this formula by independently proving Theorem 3 of [1] (which has the incorrect proof). However their argument ultimately rests on Theorem 5 of [1] whose proof (in [1] ) is based on Theorem 3 of [1] .
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Since P_i fl fi = 0 we may identify R with its image in T and assume that K, the quotient field of R, is contained in that of T. Let V* be a valuation overring or P which is centered on the chain (***) [8, p.37, (11.9) ]. Let v = v* n k.
Claim, rank V > t.
Proof of Claim. We first compute the transcendence degree of Pover R. To do this we may localize T at s' = fi\0. By the permutability of residue class ring and quotient ring formation If we now apply (A) we compute rank Js = n.
